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Consider releasing a Brownian particle from a basepoint z0 in a planar domain
Ω ⊂ C. What is the chance, denoted hΩ,z0(r), that the particle’s first exit
from Ω occurs within a fixed distance r > 0 of z0? The function of r suggested
by this question, denoted hΩ,z0 : [0,∞) → [0, 1], is called the harmonic
measure distribution function, or h-function, of Ω with respect to z0. We
can think of the h-function as a signature that encodes the geometry of
the boundary of Ω. In the language of PDEs, the h-function can also be
formulated in terms of a suitable Dirichlet problem on Ω. The h-function
has been studied by Walden, Ward, Snipes, Barton and Betsakos among
others. For simply connected domains Ω, the theory of h-functions is now
quite well developed, and in particular the h-function can often be explicitly
computed, making use of the Riemann mapping theorem. However, until
now, for multiply connected domains the theory of h-functions has been
almost entirely out of reach.
It turns out that the theory of the Schottky–Klein prime function, as recently
developed by Crowdy and collaborators including Marshall and Green, can
be applied here. I will describe joint work with Darren Crowdy and Marie
Snipes, showing how the Schottky–Klein prime function ω(ζ, α) of a con-
centric annulus allows us to compute explicitly the h-function of a doubly
connected slit domain, for instance C\([0, 1/3]∪[2/3, 1]). This is the first time
that the h-function of any multiply connected domain has been computed ex-
plicitly. This talk is linked to Christopher Green’s talk in this special session,
which deals with the h-functions of slit domains of higher connectivity.


